We developed a new scheme for computing "Greeks" of derivatives by an asymptotic expansion approach. In particular, we derived analytical approximation formulae for Deltas and Vegas of plain vanilla and average European call options under general Markovian processes of underlying asset prices. Moreover, we introduced a new variance reduction method of Monte Carlo simulations based on the asymptotic expansion scheme. Finally, several numerical examples under CEV processes confirmed the validity of our method.
Introduction
We propose new approximation formulae for computing Greeks, such as the Delta and the Vega that indicate risk indices, the first derivatives of the value of an asset with respect to its parameters. In particular, we derive analytic approximation formulae of the Delta and the Vega of plain vanilla and average options where the underlying assets' prices follow general diffusion processes. Our method is based on the asymptotic expansion approach developed by Takahashi[1995 Takahashi[ ,1999 , Kunitomo and Takahashi[1992 ,2001 ,2003a ] and Takahashi and Yoshida[2004] . We also introduce a new variance reduction method, which is an extension of Takahashi and Yoshida[2005] to increase efficiency of Monte Carlo simulation in computation of Greeks. Moreover, we present series of numerical examples where the underlying prices follow the constant elasticity of variance (CEV) processes and showed effectiveness of our method.
Monitoring and controlling the risks of derivative securities are as important as pricing derivative securities in the practical world. In Black-Scholes(BS) model, option prices and their Greeks are obtained analytically. However, in the more realistic models, it is usually very hard to evaluate option prices and their Greeks analytically. Then, numerical methods are applied.
We suppose that the underlying asset's price S t follows a stochastic differential equation(SDE);
where w t is a one-dimensional Brownian motion, µ = r − q. r and q denote a risk-free rate and a dividend rate respectively which are assumed to be constants. Next, we consider a derivative security whose payoff function at maturity time T is given by φ such as 
The price of the derivative security can be represented by
where E [·] denotes the expectation operator under the risk-neutral measure. To obtain the first order derivative of the price with respect to the underlying asset's price at the initial price s 0 , a natural method is computing
where δ is a sufficiently small positive number, and u (s 0 − δ) and u (s 0 + δ) are generated by Monte Carlo simulations. However, its convergence is sometimes very slow and convergence to the true value may not be achieved under some conditions. To overcome the problem, we may utilize a representation such as
where Y t satisfies the following SDE:
Although this representation makes Monte Carlo simulations more efficient, using Monte Carlo simulation itself may be time-consuming, which cause many difficulties in the practical world such as trading business. Therefore, in the case that analytic formulae can not be obtained, ideally we need analytic approximation schemes which can generate values precise enough for practical purpose. The asymptotic expansion approach have been applied successfully to a broad class of Itô processes appearing in finance. Takahashi[1999] presented a third-order pricing formulae for plain options and secondorder formulae for more complicated derivatives such as average options, basket options, and options with stochastic volatility in a general Markovian setting. Kunitomo and Takahashi[2001] provided pricing formulae for bond options(swap options) and average options based on an interest rate model in the class of Heath-Jarrow-Morton [1992] which is not necessarily Markovian. Takahashi[1995] also presented a second order scheme for average options on foreign exchange rates with stochastic interest rates in Heath-JarrowMorton framework.
Moreover, Takahashi and Yoshida[2004] extended the method to dynamic portfolio problems. Recently, Takahashi and Saito[2003] successfully applied the method to American options, and Takahashi and Yoshida [2005] proposed a new variance reduction scheme of Monte Carlo simulation with the asymptotic expansion. For details of mathematical validity based on the Malliavin calculus and of further applications, see Kunitomo and Takahashi[2003a , 2003b ], Takahashi and Uchida [2004] and Yoshida[2004,2005] .
The organization of this paper is as follows. In section 2 and 3, we review the asymptotic expansion approach to pricing options and the variance reduction technique by the asymptotic expansion scheme respectively. In section 4, we derive approximation formulae for the Delta of plain-vanilla and average European call options and introduce a variance reduction technique in computation of the Delta. Section 5 treats approximations for computing the Vega of plain vanilla and average European call options. We present the results of numerical experiments in section 6. In appendix, we show another derivation of approximation formulae for the Delta and the Vega.
The outline of the asymptotic expansion approach to finance
The asymptotic expansion approach is an unified method of efficient computation justified by MalliavinWatanabe theory. We show a brief summary of the asymptotic expansion approach mainly based on Takahashi [1999] .
Underlying Assets
Let underlying stock price S t follow
where w t is a one-dimensional Brownian motion and µ = r − q. r and q denote a risk-free rate and a dividend rate respectively which are assumed to be constants. We introduce a small constant ε(0 < ε ≤ 1) and let S (ε) t follow { dS
where σ is a smooth function with bounded derivatives.
Next, let us consider a familiy of R-valued Wiener functionals {F ε (w)}, ε ∈ (0, 1].
Here, f p,s for a Wiener functional f denotes a norm that is the sum of L p (P)-norms up to the s-th order derivatives in the sense of Malliavin. A Banach space D s p is the completion of P with respect to · p,snorm where P is the totality of R-valued polynomials on the Wiener space. Roughly speaking, a Banach space D s p can be regarded as the totality of random variables which are finite with respect to · p,s -norm. Moreover, we say that F ε (w) has the asymptotic expansion Ikeda and Watanabe[1989] for the detail. Then, we obtain the next proposition. See Takahashi[1999] for the derivation.
Proposition 1. S (ε)
t has an asymptotic expansion at t:
in D ∞ as ε ↓ 0 where
A 2t = 2
In order to price the European option, we only need the value of the underlying asset at the maturity. Therefore, it is reasonable to suppose that t is a constant number for calculating the price of the European option. Since the right hand side of (6) is a deterministic function, A 0t is a constant number with a given constant t. Concerning with A 1t , since e µ(t−s) σ (A 0s ) is a deterministic function also, A 01 is a normal distribution with a constant variance.
Plain vanilla European call option
The asymptotic expansion of the price of the plain vanilla European call option of which payoff at the maturity T is (S T − K) + is given by
where y = (A 0T − K) /ε and E[·] denotes the the expectation operator under the risk-neutral measure.
Under an appropriate assumption such as Assumption 6.2 in Kunitomo and Takahashi[2003b] , we obtain its approximated value as
where δ x (·) denotes Dirac's Delta function at x, which means that the derivatives of the step function has a proper mathematical meaning as Schwartz's distribution. And also, the calculation above has a proper mathematical meaning as a generalized Wiener functional (see chapter V of Ikeda and Watanabe [1989] or Watanabe[1987] for the detail discussion). Next, by the property of Brownian Motion, we know the distribution of g 1 follows a normal distribution N (0, Σ) of which variance is
In addition, the conditional expectation E [g 2 |g 1 = x] is given by
where n [x; 0, Σ] is the density function of N (0, Σ), i.e.
2Σ .
Then, we reach the next theorem. For the proof, see Takahashi[1999] .
Theorem 1. The asymptotic expansion of the price of the plain vanilla European call option at time zero with maturity
where N (x) is cumulative distribution function of N (0, 1).
Average European call option
For the average European call option, the similar discussion can be applied. Takahashi [1999] derived
in D ∞ as ε ↓ 0. The asymptotic expansion of the price of the average European call option of which payoff at the maturity T is
,where where
where y =
where Σ, which denotes the variance of the distribution of g 1 , is calculated by
In addition, the coefficients of the conditional expectation E [g 2 |g 1 = x] = cx 2 + f are given by
and f = −c Σ. Therefore,
. (18) Then, we reach the next proposition. For the proof, see Takahashi[1999] .
Proposition 2. The asymptotic expansion of the price of the average European call option at time zero with maturity T , C (ε)
A (0, T ), is represented by
Variance reduction technique with asymptotic expansion
The discussion below is the outline of the variance reduction technique with asymptotic expansion, which is mainly based on Takahashi and Yoshida [2005] .
Hybrid method
Suppose that X u (s, y) (s ≤ u ≤ T ) follows the stochastic integral equation:
For a stochastic approximation of
, an estimator by crude Mote Carlo simulations with N samples is expressed as
since G(n, N ) depends on each sample path ω 1 , · · · , ω N . The discretized approximation ofX (ε) based on Euler-Maruyama scheme is given bȳ
where
We introduce a modified new estimator of u(0, y) as
We assume that E
is calculated analytically. This estimate can be explained intuitively. If
is small for each independent copy j, then we can expect that the error of G * (ε, n, N ) minus true value u (0, y) can be small because errors of f
) can be canceled out. By definition, we have
The correlation between f
) become positively high, since we generate the same Brownian samples for both ofX
T in the simulation. This type of estimate is similar to the control variate technique, which has been known in the Monte Carlo simulation. It is difficult to find control variables whose expectation can not be derived analytically. Furthermore, usual variance reduction techniques may use control variables that could apply to very narrow class of processes. The advantage of this technique is due to the asymptotic expansion approach, because it is an unified method in a sense that it is applicable to the broad class of processes. We call this variance reduction method with asymptotic expansion hybrid method.
Pricing average European call option by hybrid method
Suppose that the reference asset price process follows:
{ dS
The price of an option with the strike price K and the maturity T is expressed by
It is rewritten as
, where
We utilize equation (23). Consulting equation (18), we replacef (x) bŷ
And we have S
Then, we obtain the modified estimator of C
Notice that calculating equation (29) 
Delta
We consider derivative securities whose payoff function at maturity time T is given by φ such as
The price of them can be represented by
where E [·] denotes the expectation operator under the risk-neutral measure. In order to obtain the first order derivative of the price with respect to the underlying asset's price at the initial time, s 0 , computing finite difference value defined by
is one of the most practical way. In fact, equation (31) does not require the analytic formulae of u(x). If δ is a sufficiently small positive number, generating u (s 0 − δ) and u (s 0 + δ) by Monte Carlo simulations gives a reasonable estimate of the first order derivative. However, its convergence is sometimes very slow due to the irregularity of function φ. Moreover, if the size of the δ or the size of time slice of Euler-Maruyama scheme is not sufficiently small, convergence to the true value may not be guaranteed even with large number of simulations.
To avoid the problem, we utilize a representation such as
(a stochastic flow) satisfies the following SDE:
For the derivation of equation (32) 
Asymptotic Expansion of Stochastic flow
As briefly discussed above, we have defined Y t as ∂St ∂s 0
. Here, we also define Y
. Then, we utilize the asymptotic expansion of the stochastic flow in order to compute the first order derivative of the option price.
Proposition 3. The asymptotic expansion of the stochastic flow is represented by:
Proof. Differentiate equations (6), (7) and (8) with respect to s 0 and we obtain equations (35), (36) and (37), respectively.
Asymptotic expansion of
The payoff of the plain vanilla European call option at the maturity is expressed by
Differentiating equation (38), we have
Therefore, we obtain
Utilizing proposition 3 and equation (40), we obtain
Asymptotic expansion of Delta
In order to obtain the concrete formulae of Delta, we need calculate the following expectation:
. We notice that there are five parts. For the first part,
For the second part,
For the forth part
For the third part, considering
) dw u dw s , we modify as following:
And also,
For the fifth part,
Therefore, as for coefficient of y · n [y; 0, Σ], we have:
And coefficient of y 3 · n [y; 0, Σ] is:
Finally, we reach the next theorem.
Theorem 2. Delta of European Call Option D(0, T ) is represented by
where A, B, C, D and E are constant,
Proof. See the calculation which is already shown above.
Remark 1.
It is easy to check that the following equation is valid with some mathematical condition,
The discussion above is to calculate the right hand side of the equation (65). Of course, in order to obtain the same result, we can compute the derivative with respect to the initial value, s 0 , directly using the equation (12) (to calculate the left hand side of the equation (65)). For the readers' convenience, we show the result of this calculation in Appendix. However, the former way is more suitable for applying the variance reduction method which we propose in this paper than the latter, because we could obtain the equation (68) more intuitive way.
Delta of average European call option
Similar argument can be applied for European average option. Let S (ε) t and A · t be
We haveÃ
Then, we obtainÃ
We only need to apply the same discussion plugging above terms into the corresponding locations.
Variance reduction technique for Delta
We utilize equation (23). In order to construct the functionf (x), we only need to consult equation (45), (48), (51), (53), (56) and (59). Also, referring the equation (46), (49), (54) and (57), we obtain the following formulae: 
Vega
Although this method is quite similar to the case of Delta, we need some adjustments. We calculate the "differentiation with respect to the volatility coefficient ε" of S (ε) t satisfying the following SDE:
In this paper, we define the Vega for European call option as:
We also define V (ε) t as a stochastic process which satisfies the SDE:
Then the value of Vega for European call option is obtained by
, but it is sometimes impossible to calculate it analytically. To apply asymptotic expansion of Vega gives us a sufficiently useful calculation method. We can apply hybrid method as well.
Vega of plain vanilla European call option
Introducing y = (A 0T − K) /ε, we obtain Vega as
The approximated value of Vega V
We obtain the next theorem.
Theorem 3. The asymptotic expansion of the Vega of plain vanilla European call option with maturity T is represented by
Proof. See the discussion above.
Remark 2.
Of course, in order to obtain the same result, we can compute the derivative with respect to the parameter, ε, directly using the equation (12) . For the readers' convenience, we show the result of this calculation in Appendix. However, concerning with the variance reduction method, we can obtain the equation ( 75) more intuitively.
Variance reduction technique for Vega
We utilize equation (23). In order to construct the functionf (x), we only need to consult equation (72). Then, we obtain the following formulae:
And, we can apply the analytic formulae of the asymptotic expansion which is given by theorem 3 for
. Concerning with average European call option's case, we can follow almost the same calculation as plain vanilla European call option's case.
Numerical experiments
In this section, we assume that the price processes of the underlying assets follow BS or CEV processes. BS process is represented by { dS
CEV process is represented by { dS
, Hence, the volatility function of these models are expressed by σ (
follows the SDE:
where τ ≡ inf{t > 0; S t = 0}.
Model of plain vanilla European call option
The asymptotic expansion of the Delta and Vega of plain vanilla European call option, D
ega,E (0, T ) respectively, whose payoff function at maturity T are expressed by (S T − K)
+ are given by
2 e 3µT if γ = 1,
The coefficients Σ, c, and f are the function of s 0 , T, γ and µ. Paying attention to γ, we represent Σ = Σ (γ) , c = c (γ). We can easily check the continuity at γ = 1, i.e. Σ (γ) → Σ (1) and c (γ) → c (1) as γ → 1.
For the variance reduction technique of Delta, we replace equation (23) bŷ
For the variance reduction technique of Vega, we replace equation (23) bŷ
Model of average European call option
The asymptotic expansion of the Delta and Vega of average European call option, D (ε)
ega,A (0, T ) respectively, whose payoff function at maturity T are expressed by
As in the plain vanilla case, the coefficients Σ, c, and f are the function of s 0 , T, γ and µ. We can easily check the continuity at γ = 1, i.e. Σ (γ) → Σ (1) and c (γ) → c (1) as γ → 1.
Parameter settings
In the numerical simulation, we suppose two kind of options. The first are interest rate options (six month caplets) under Libor Market Model (LMM) settings. This is an example of plain vanilla European call options. We check the accuracy of the approximate formulas in γ = 1 (BS process) cases comparing with the result of LMM and the efficiency in γ = 0.1, 0.4, 0.6 and 0.9 cases. When γ = 1, we usually do not know the exact value of Deltas nor Vegas. Therefore, we use the value of the numerical simulation with 1,000,000 paths as a benchmark. In this case, we can apply zero as 'drift term,' µ. At the same time, we need to check the validity of the computation when the maturities are rather long in the practical sense. Therefore, for interest rate options, we put 0.05 as s 0 , zero as µ, and 1,5,7,10 year(s) as T . The second are average (stock) options. While we need the 'non-zero' drift, the maturities are at most one year practically. So, for average European call options, we put 100 as s 0 , 0.05 as µ, and 1 year as T . We check the accuracy and efficiency with γ = 0.1, 0.4, 0.6, 0.9 and 1.
For both case, we put 20% as εσs γ 0 . And strike price is set from 20% in the money(ITM) to 40% out of the money(OTM). Table 1 compares the Deltas of plain vanilla European call options between by LMM and our approximation with γ = 1. Colum (A), (B) and (C) indicate Delta given by LMM, by asymptotic expansion formulae and the error defined by ((B) − (A))/(A) respectively. Around the at the money(ATM), the accuracy of the approximation is very good. Even in T = 10 case, the error is below 1%. We can think approximations from 20% ITM to 20% OTM are acceptable for almost all purposes. However, we can find that we may not satisfy the accuracy of the approximations especially in very far ITM or OTM cases. Table 2 compares the Vegas of plain vanilla European call options between by LMM and our approximation with γ = 1. Colum (A), (B) and (C) indicate Vega given by LMM, by asymptotic expansion formulae and the error defined by ((B) − (A))/(A) respectively. Even around the ATM, the accuracy of the approximation may not be satisfactory in the longer maturity cases. However, We also notice that the level of both Vega and the difference between colum (A) and (B) are very small. Considering this fact, we can think that the approximation works well.
Computing results
On table 3 and 4, we check the accuracy and efficiency of the hybrid method. Table 3 indicates the result of the Deltas of plain vanilla European call options. Table 4 indicates the result of the Vegas of plain vanilla European call options. Colum (A), (B) and (C) indicate Delta (Vega) given by LMM, by asymptotic expansion formulae and the error defined by ((B) − (A))/(A) respectively. Colum (D) and (G) shows the result simulation by crude Monte Carlo method and hybrid method respectively. These figures are given by 1,000,000 paths simulation.
Colum (E) and (H) are the error of (D) and (G) defined by ((D) − (A)/(A)) and ((G) − (A)/(A))
respectively. Colum (F) and (I) indicates the variance of the simulations. For each method, we compute Delta (Vega) with 10,000 paths and repeat them 100 times. Then, we have distributions of Delta (Vega) which consist of 100 values. From the distributions, we compute variance and then calculate the value of Var/(A) 2 .
As for table 3, colum (C) and (E) indicate the crude Monte Carlo method with 1,000,000 paths gives us better accuracy than asymptotic expansion. Colum (E) and (H) indicate hybrid method with 1,000,000 paths gives better accuracy than crude Monte Carlo method. The value of (F) and (I) indicates that even in 10,000 paths simulation, the accuracy is satisfactory in all cases, especially in hybrid method. The value (F)/(I) indicates the ratio of the speed of convergence. The larger value implies that hybrid method achieves the faster convergence. We find that hybrid method is at least five or six times faster than crude monte Carlo method and at most 74 times faster.
As for table 4, the tendency is very similar to table 3. We find that hybrid method is at least five times faster than crude monte Carlo method and at most 335 times faster.
On table 5 and 6, we check the efficiency of the hybrid method in γ = 0.1, 0.4, 0.6 and 0.9 cases. Colum (A) and (C) on table 5 and 6 corresponds to colum (D) and (F) on table 3 and 4 respectively. Only the difference is that colum (C) uses value of colum (A) as the mean value on table 5 and 6, while Colum (F) uses value of colum (A) on table 3 and 4. Similarly, Colum (D) and (F) on table 5 and 6 corresponds to colum (G) and (I) on table 3 and 4 respectively. Colum (B) and (E) on table 5 and 6 is the raw data of variance made by 100 values.
As for the table 5, we can find the asymptotic expansion works well as in γ = 1 case. We also notice that the accuracy of the asymptotic expansion is the better in the shorter maturity cases. Moreover, the accuracy is the better in the asymptotic expansion case, the ratio of the speed of convergence is the larger. In other words, the better approximation formulae gives the better reduction of the computing resources in the hybrid method. Hybrid method is at least three times faster than crude monte Carlo method and at most 976 times faster.
The tendency on table 6 is very similar to table 5. We find that acceleration ratio by hybrid method is larger than in the case of table 5.
On table 7 and 8, we check the accuracy of our approximation and both the accuracy and efficiency of hybrid method in average option's case. Colum (A) indicates the result of asymptotic expansion formulae. colum (B) to (G) corresponds to colum (A) to (F) on table 5 and 6.
We find the accuracy of asymptotic expansion is well and the efficiency of the hybrid method is very well. We notice that the ratio of the acceleration is higher than plain vanilla European options cases.
A Appendix

A.1 Direct derivation of plain vanilla European call option's Delta
Consider the derivative of equation (12) with respect to s 0 :
where d = ∂y ∂s 0 = e µT /ε. The derivatives of coefficients are calculated as follows:
A.2 Direct derivation of average option's Delta
Consider the derivative of equation (19) with respect to s 0 :
,
The derivatives of coefficients are calculated as
and
A.3 Direct derivation of plain vanilla European call option's Vega
Consider the derivative of equation (19) with respect to ε: 
